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Khai niém bién phu thudc khong bi gidi han va bi gidi han
(Limited Dependent Variables)

> Céc loai bién phu thudc trong mé hinh héi quy:

o Lién tuc va r&i rac: ting trudng GDP 14 lién tuc, c6 thé c6 con
s6 bt ky, vi du 6.1025%; sb Ian di hoc mudn 13 rdi rac, vi du
di muén 0, 1, 2 lan.

o Khéng bi gidi han va bi gidi han: Igi nhuén cla cbng ty la
khéng gi6i han (18 thi nhan gia tri 4m, 13i 13 duong); sb nhan
vién 13 bi gi6i han (bj chdn dudi, it nhAt 1 nhan vién trong mot
cbng ty).

o Bién phu thudc dinh tinh va dinh luong: ¢6 hat thubc 14 hay
khéng 13 bién dinh tinh; hit bao nhiéu diéu thubc mét ngay I3
dinh luong va bi gi6i han (it nht 13 mét diéu).

» HAau hét cic bién sb kinh t& déu bi gi6i han.

» St dung hdi quy tuyén tinh dbi véi dif liéu bi gidi han thi két
qué c6 thé bj sai lach, hoic khé giai thich y nghia v& m3t kinh
te.
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Mt s md hinh st dung bién phu thudc b giéi han

» M5 hinh x4c suit xay ra mot sy kién hay mét bién cb nao dé.
Vi du d&i tugng vi thanh nién hat thubc, di hoc dai hoc, phu
ni dan toc thiéu s6 tham gia lao déng chinh thic. Bién phu
thudc 13 c6 hodc khéng (ma hod 1 cho ciu trd 16i ¢6, 0 cho
ciu tra 15i khong). D&i véi bién phu thudc dinh tinh thi khéng
c6 cach xép hang ciu trad I5i (c6/khdng) nhu bién phu thubc
dinh lugng (nhiéu/it).

> Mb hinh xac sult c6 thé 13 da lya chon thay vi hai lya chon,
vi du anh/chi dén trudng bang phuong tién gi: 6-t8, xe may,
xe dap, di bo.
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» M5 hinh sb 1an xay ra mot sy kién nao dé. Vi du sb 1an mot
hoc vién MPP di hoc mudn, sb con trong mdt gia dinh, s san
pham bi hong trong mdt ngay, sb 1an di khdm bénh mdt n3m.
Bién phu thudc sé c6 gié tri 0 va sb nguyén duong (1, 2, 3...).

» M5 hinh mé t3 xép hang clia mét su kién, vi du cdm quan cla
anh/chi v& mét mén hoc c6 thé 13 qua khé/khé/trung
binh /tuong dbi d&/qua da.

» M5 hinh véi bién phu thudc bi chan trén hoac dudi. Vi du thu
nhap chi ¢ thé 13 0 hodc duong; sb tién mét ngudi d3 1am tir
thién trong mét n3m tdi thiéu 13 0 ho3c duong; sb gid 1am
viéc trong mét tuan khong thé qud 24 x 7 = 168 gid.
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Tén goi mo6 hinh sir dung bién phu thudc c6 gidi han

» M5 hinh xac suit (Logit, Probit, Multinomial Logit)

» M6 hinh sb 1an x3y ra su kién (Poisson)

» M5 hinh véi bién phu thudc bi chin (Tobit, o
Censored/Truncated Regression) hodc md hinh cé van dé lya
chon miu (Sample selection/Heckman correction model)
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Diéu gi xay ra néu st dung phuong phap OLS cling cac gia
dinh cia mé hinh CLRM vao dif liéu ¢ bién phu thudc bi
gidi han?

Xem xét md hinh:

Smoking; = o + 1 * Pricej + u; (1)
trong dé6 Smoking; 13 bién dinh tinh cho hanh vi hat thubc 14 ca
tré vi thanh nién, nhan gid tri 1 néu cé hat thubc va 0 néu khéng.
Bién gidi thich 1a gid ban 1é.

smoker

Smoking; = {1
0 non — smoker
» Trong md hinh théng thudng, 51 13 thay ddi cha bién phu
thudc Smoking néu bién giai thich Price ting mét don vi.
» Dbi v6i bién phu thudc nhi phan, Smoking; chi nhan gia tri 0
hodc 1, y nghia cla (3 1a gi?
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M& hinh x4c suit tuyén tinh - Linear Probability Model
(LPM)

> Vi gia thiét ky vong clia sai s6 bing 0, E[ul|Price] = 0:
E[Smoking|Price] = o + 1 * Price (2)
> Dong thai:
E[Smoking] = 1 % P(Smoking = 1) + 0 x P(Smoking = 0)
= P(Smoking = 1)
=
P(Smoking = 1|Price) = E[Smoking|Price] = By + /1 * Price

» Diéu nay c6 nghia |3 x4c sult quan sat dugc mét vi thanh
nién hat thubc 13 md hinh tuyén tinh cla bién gidi thich
Price. Vi du f; = —0.1, néu gia ban ting 1 don vi thi xac
sult vi thanh nién hit thubc sé gidm 10%.
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Nhiing vin dé cta mé hinh xdc suit tuyén tinh

» Néu f; = —0.1 thi ting gid ban thém 20 don vi c6 lam cho
xéac sut hat thubc gidm vé 0 hay tham chi 4m khéng?

> Téic déng bién cla gia ban 13 b dinh c6 hop Iy khéng? Vi du
néu gia thubc 14 ting tir 10.000d 1&n 20.000d/bao ¢ khac so
véi tang tir 100.000d 1&n 110.000d/bao khéng?

> Gia dinh v& phuong sai khéng déi trong md hinh CLRM,
Var(u;|X) = o2, bi vi pham.!
Var(uj|Pricej) = Pj * (1 — P;) , véi
P; = Bo + 1 * Price;
Do Var(u;|Price;) phu thudc vao Price;j, hay néi cach khac,
phuong sai cta sai s6 trong md hinh LPM thay doi.

!Bié&n phu thudc Y; phan phbi Bernoulli véi xac subt P; = By + B1 * X; nén
u; cling phan phdi Bernoulli véi xac suat Py, =1 — 8o — f1 * X;. Phuong sai
cla phan phdi Bernoulli 13 Var(uj) = Py, * (1 — Py,).
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Phuong phap xac suit tdi da - Maximum Likelihood
Estimation (MLE)

> Khic phuc cic nhugc diém d3 néu trén, dé (a) udc lugng xac
suit lubn n3m trong khoang [0,1] v6i moi gia tri clia bién giai
thich Price, va (b) tac dong bién clia bién gidi thich khéng cb
dinh, chiing ta can cach tiép can méi khdng st dung phuong
phap OLS.

» Gi3 dinh x4c sult cda viéc hit thubc duoc xac dinh bdi ham
phan phéi xéc subt tich luy G(.):

P(Smoking; = 1|Price;) = G(Bo + 31 * Price;) (3)

Vé6i ham G(Bo + 1 * Price;) nhan gia tri nam trong khodng
[0,1] véi moi gi4 tri cha bién gidi thich Price.

» Ham phan phéi xac sult tich liy G(.) dua vao gia dinh hoic
cac ly thuyét kinh t& dé gidi thich.

9/36



Céc ham phan phdi xac suit thdng dung

> Néu G(.) c6 phan phéi tich luy Logistic, khi dé ta c6 hdi quy
“Logit":

eZ

1+ e?

G(z) =

véi ham mat dé phan phdi Logistic g(z) = G'(z) = (1fT)2

z

» Néu G(.) c6 phan phéi tich luy chuin = hdi quy Probit:
2= [ o
véi ham mat dé phan phdi chuin H(x) = *=e XT

27

10/36



D6 thi ham mat dé phan phdi Logistic (mau tim) va phan
phdi chusn (mau cam)

1.5
1.0

0.5

-2 1 0 1 2
Legistic and Normal Distribution

Ham Logistic c6 mic dé phan tan cao hon so véi phan phdi chuan.

11/36



Uédc luong md hinh héi quy Logit va Probit

» Khac véi phuong phap sai sb binh phuong tbi thiéu OLS, mé
hinh hdi quy dua trén ham phan phdi xac sut nhu Logit hay
Probit diing phuong phap xac subt tbi da (Maximum
Likelihood Estimation-MLE).

» Ham muc tiéu ctia phuong phap OLS I3 téi thidu t(“;ng binh
phuong sai s6 ciia md hinh (3° u? — min), con ham muc tidu
clia phuong phap MLE 13 téi da xac suit quan st dusc m3u
véi thudc tinh cho trudc.

o Gia du ching ta c6 m3u 1000 ngudi, trong dé ngudi thi
1,3,7... ¢6 hat thubc, ngudi 2,4,5,6,8... khéng hiit.

o Ching ta can xdy dung ham sb du bdo xac xuit hanh vi hit
thubc.

o Phuong phap MLE uéc lugng cac tham sb chia ham sb nay sao
cho xac sudt quan st dugc nhém ngudi trén thuc t& c6 va
khéng hat thubc 13 chinh xac nht.
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Xac sut quan sit dudc vi thanh nién i ¢6 hit thubc hay khdng cé
thé viét nhu sau:

P(Smokingi| Price;) = [G(.)]5k"8 x [1 — G(.)]*~Smokinsi  (4)

o Néu Smoking; = 1 thi P(Smoking;|Price;) = G(.)
o Néu Smoking; = 0 thi P(Smoking;|Price;) =1 — G(.)

Phuong phap MLE uéc lugng cac tham sb clia ham xac sudt G(.)
bing cich téi da héa tich clia xac suat du bao ding nhitng
ngudi hat thudc va khong hat thudc:

N
Max Ppg = | [ P(Smoking;| Price;) (5)
i=1

N
= H[G(')]Smoking,' % [1 _ G(')]lmeoking,-
i=1
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Do G(.) 1a ham don diéu (ham phan phbi x4c sult tich luy chi ting
ho3c gidm theo bién gidi thich), chiing ta c6 thé don gian ham téi
vu tich (5) sang ham téi vu téng bing cach Iy logarithm v ti da
gia tri log-likelihood L:

N

Max Ly = ) {5,- % In[G()] +[1 — Sj] * In[1 — G(.)]}

i=1

N "
=> (6)
i=1

véi S; 13 tinh trang hit thubc, Smoking;, va G(.) 12 ham phan phdi
xac sult tich luy G(Bo + B * Price;).

14/36



D& wdc luong tham sb By va B1 nhim tbi da gi4 tri L, st dung
diéu kién dao ham bac nhit (first-order condition):

550 lz 9B

551 Zaﬁl
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Luu § quy t3c chui (chain-rule) khi 1y dao ham ciia ham hop,
G(Bo + B1 * Xi) I3 ham xéc sudt tich Iy, g(.) 13 ham mat do phan
phdi xéc subt:

OG(Bo + P * Xi)
9Bo
8G(ﬁ05'5151 * Xi) = g(Bo + B1x X;) x X;

oG] _ 1
o~ () g(.)
oIn[G(.)] 1
(

= g(Bo + p1 % Xi)

81 G(.
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Thay vao cdng thiic (7-8) chiing ta c6 diéu kién bac nhit nhu sau:

oL L
860:Z{Si*g(‘)_[l_si]*l_G(')*g(.)}: 9)

8":2':{ Si *g(.)*X,-—[l—S,-]*1_1G(')*g(.)>kX,-}:O
(10)
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V6i hdi quy Logit, G(z) = 1+ez va g(z) = 3oy sau khi bién

(1+eZ
dc“;i, diéu kién bac nhit don gidn héa thanh:

eBo+B1xX;

6ﬁo Zi:S Xijl e A (11)

ePotBixXi

o = 25X Zueﬁowl*x Xi=0 (12)

Ching ta cé hai phuong trinh va hai 4n sb, do d6 c6 thé tim dudc
cac gia tri nghiém sb 60,51
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Tuy nhién...

» Trong phuong phap MLE, do tinh phi tuyén cGa diéu kién bac
nht (11) va (12) nén khéng c6 cong thitc cu thé dé tinh [,
va [1 nhu phuong phap OLS.

> Viéc uéc lugng Bo va B1 phai st dung phuong phap sb
(numerical solution) bing cac phan mém chuyén dung.

» Véi ham Probit thi phuong phap uéc lugng cling tuong tu.
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Giai thich y nghia cia m6 hinh Logit va Probit
> Tir gid dinh x4c sut clia hanh vi hat thubc (3):
P(Smoking; = 1|Price;) = G(Bo + B1 * Price;) (13)
Vi nhiing thay déi r,1h6 cla gid ban Ié Price thi tdc dong bién
[én xac suat hit thudc cé thé dugc tinh nhu sau:

OP(Smoking)
OPrice

v6i g(Bo + B1 * Price;) 13 ham mat do phan phdi xac sut,
tinh tai gia tri Price;.

= g(Bo + P1 * Price;) * 1 (14)

» Trong phucng phap MLE, tac déng bién cha gid 1&€n hanh vi
hat thubc thay d6i tuy thudc vao gia tri clia ham mat dé g(.)
tai gia ban gbc.

> Téic dong bién 13 ¢b dinh trong phuong phap hdi quy xac subt
tuyén tinh (LPM)!
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» Thoéng thudng ching ta tinh tic déng bién tai mic giad trung
binh, tai cic ti phan vi, tai cac gia tri tbi da/tbi thiu clia cac
bién gidi thich.

> Néu bién gii thich 13 bién rdi rac (vi du c6 thém bién giéi
tinh hay s con trong gia dinh trong hdi quy Logit da bién) thi
khong dp dung dugc cong thdc (14). Khi nay, tic dong cda
gi6i tinh dén hanh vi hit thubc phai uéc luong truc tiép tir
cong thic (13):

AP = P(Smoking|Male) — P(Smoking|Female)
= G(Bo + P1 * Price + oD) — G(Bo + 1 * Price) (15)

véi o 13 tham sb cha bién gidi tinh D.
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So sénh giita LPM, Logit va Probit

St dung bd dit liéu mé phdng SMOKE.dta

Regression Results

LPM Logit Probit
b/se b/se b/se

main
sex 0.0050 0.0214 9.0132
(0.08526) (@.2227) (0.1377)
price -9.0028 -0.0116 -9.0072
(0.0036) (8.0152) (0.0094)
Constant 0.5461* 0.2082 9.1263
(@.2270) (0.9530) (0.59108)
N 8e7 8a7 807

* p<B.05, ** p<d.01, *** p<d. 00l

Luu y tri kiém dinh clia md hinh LPM I3 t-test, cia md hinh Logit
hodc Probit |a z-test.
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Dién gidi m6 hinh LPM

Smoke; = .5461 + .0050 * sex; — .0028 * price;

> D&i tuong 13 nam gidi c6 xac sut hat thubc 14 cao hon nit
gidi la 0.5%. Gia thudc 14 tang 1 don vi (cent) lam gidm xac
suat hat thuéc 0.28%.

> Tic déng bién 13 hing sb, khéng phu thudc vao gid ban gbe.
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Dién gidi Logistic regression

€ G(z) B
(A =1~ 1-¢m

= log <1f(522)> =z

z

Phuong trinh hdi quy logit dugc viét dusi dang log clia ty I& thanh
cong (odds ratio - OR?):

/Ti
log Sm#/e\ = .2082 + .0214 * sex; — .0116 * price;
1 — Smoke;

20R Ia ty sb clia xac subt xdy ra mét sy kién cho xac sult khoéng xay ra su
kién d6. OR =1 khi bién c6 xay ra hay khéng c6 xac suat nhu nhau. OR >1
khi xdc suat xdy ra cao hon kh3 ning khéng xay ra, va nguge lai.
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Dién giai tham sb cda logistic regression qua ty & thanh
cong (OR)

D&i tuong 13 nam gidi 1am ting OR hanh vi hit thudc thém
0.0214. Gia ting mbt don vi lam gidm OR hanh vi hat thubc 13
0.0116.
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Dién giai tham s cla logistic regression qua tic ddng bién
(marginal effects)

Chuyén d8i cic tham sb thanh tac dong bién Ién xac suit hat thube
bang cdng thifc (14) cho bién lién tuc va (15) cho bién rsi rac.

> Téic déng cla viéc ting médt don vi clia bién gidi thich X 1én
xac suat xdy ra Y la bao nhiéu?

» C6 su khac biét nao gilta cdc nhém (vi du, nam gidi va nit
gidi) doi véi hanh vi Y7
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Vi du dbi véi bién gia (bién lién tuc)

Gia dinh ching ta mubn uéc luong tac dong bién ciia viée ting gis

lén dbi tugng 13 nam gidi (sex = 1), tai mifc gia trung binh
(price = 60.03):

OP(SMOKE e
¥ =g(.)* Bprice = m * Bprice

o(.0214—.0116+60.03+.2082)

Oprice

—.0116)

(1 + e(.0214—.0116*60.03+.2082))2 * (

= —.0027451

= ting gia thudc 13 1 cent/bao tir miic gia trung binh lam giam
xac suat hat thudc la 0.27% véi doi tugng la nam.

Homework: Néu miic gia gbc 1an luct 13 44 cent/bao va 70
cent/bao thi tdc dong bién 13 bao nhiéu?
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Da6i véi bién rai rac

Gia dinh ching ta mudn uéc luong su khac biét clia xac sut hit
thudc giita hai nhém nam va nit, tai mdc gid trung binh
(price = 60.03):

AP = P(Smoking|Male) — P(Smoking|Female)
= G(Bo + p1 * Price + oD) — G(Bo + 1 * Price)

Ham phan phdi tich Ity Logit 1a G(z) = 5=,

AP = .0050433 ~ 0.5%
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Dién gidi Probit regression

z ]_ (041263-%—040132*59)(,-—0A0072*pricel-)2

Sm;:dT(B:/ N 2 dx

——e
oo V2T

> Khé dién gidi truc tiép tham sb cda mé hinh Probit!!

> C6 thé sit dung cong thitc (14) hodc (15) dé wéc tinh tac
dbng clia cic bién s6 gidi thich 1&n hanh vi hat thubc tai cac
gia tri cho truéc.
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V4i bién lién tuc

Uéc lugng tic déng bién déi véi mé hinh Probit, véi dbi tuong 13
nam gidi, tai mdc gid trung binh:

8P(5MOKE) 1 ,ﬁ
W = g( ) * /Bpr/ce = E 2k Bprice
1 (0.0132—.007260.03+.1263)2
= —— e~ 2 * (—.0072
P ( )
= —.0027423

= ting gid thubc 14 1 cent/bao tir mic gid trung binh 1am gidm
xac suat hat thudc la .27% véi déi tugng 1a nam.

Homework: Néu mic gia gbc lan luot 13 44 cent/bao va 70
cent/bao thi tdc dong bién 13 bao nhiéu?
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Véi bién rsi rac

> Khic biét v& xac sult hat thubc gita nhém nam va nit nhu
thé nao, tai mdc gid trung binh?

AP = P(Smoking|Male) — P(Smoking|Female)
= G(Bo + P1 * Price + 0D) — G(po + B1 * Price)

7 2 X2
» Ham phan phéi chuan (Probit) 13 G(z) = [* _ —t-e™ 2 dx,

o0 271

AP = .0050428 ~ 0.5%
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Danh gid mo hinh xac suat
» Kha ndng du bdo cia md hinh: thé hién x4c suit md hinh du
doan ding thuc té, bao gom cd du bdo ding hanh vi hat
thudc va khéng hat thudc.
» Mot du bdo dugc coi la ding néu xac sult hat thubc uéc
lugng dugc > 0.5 doi véi ngudi cé hat thude, va xac suat
khong hit thuéc uéce lugng duge < 0.5 doi véi ngudi khdng

hat thubc.
Ma tran du bao

‘ Du bao ‘ Téng sb
Co Khong
Cé X1 X2 X1 + X2
[Ding] [Sai]
Thuc té
Khong X3 X4 X3 + X4
[Sai] [Ddng]
Téng sb X1+ X3 X2 + X4 S X
X14+-X4

> Kha ndng du bdo clia md hinh v = 375553 7xa
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| 2

’Y:

Ma tran du bao

‘ Thuc té Téng sb
Co Khéng
Cé 0 0 0
Du bao
Khéng 310 497 807
Téng sb 310 497 807

(04497) _
Ta97) — 61.59%
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Thuc hién trong Stata:

. estat classification

Logistic model for SMOKE

True
Classified 1] ~D Total
+ 1] 1] 1]
- 310 497 87
Total 310 497 807

34/36



Kiém dinh hdi quy Logit

» D&i v6i kiem dinh don bién, st dung z-test.
> D&i véi kiém dinh da bién, st dung kiém dinh Likelihood
Ratio (LR). Vi du kiém dinh k tham sb u6c lugng ddng thoi
khéng c6 ¥ nghia thong ké:
o HQI 6;:...25/(20
o H : it nhbt mét B, #0
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Céc buéc kiém dinh LR

1. Udc lugng hai md hinh riéng biét: mé hinh khéng gidi han
(unrestricted, u) véi day da bién gidi thich, va mé hinh giéi
han (restricted, r) khong cé bién gidi thich Xi, ..., Xj.

2. Tinh trj kiém dinh LR = 2 x (Ly — L;), v6i Ly va L, la gid tri
log-likelihood tir cdng thic (6) va tuong dng véi md hinh
khéng gidi han va md hinh giéi han.3

3. LR c6 phan phdi 2 véi sb bac tu do k.

4. Bac bd gid thuyét H, = it nhit mét trong cic tham sb kiém
dinh 3; # 0.

Thuc hanh trén Stata véi bd dit liéu SMOKE.dta.

3Co ché chia kiém dinh da bién LR trong phuong phap MLE tuong ddng vdi
kiém dinh F trong phuong phdp OLS. Khi 4p rang budc vio mé hinh MLE thi
x4c sut t&i uu bj gidm, khién L, < L, hoic téng binh phuong sai s cia mé
hinh OLS tiang, SSR. > SSR,.
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