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Outline

* Discrete random variables and probability distributions
* The Binomial probability distribution
* The Poisson probability distribution

* The normal probability distribution



Discrete Random Variables and Probability Distributions

e Random variables

* value of which is the result of a random event, e.g. the number of
laptops sold on a randomly selected day, the age of a student
randomly selected on campus.

* Discrete variables

* One type of ratio variable, can take only a limited nhumber of possible
values within a given range, e.g. number of laptops.

* As opposed to continuous variables which can take unlimited
number of possible values in the same range, e.g. the distance
between two locations.



Discrete Random Variables and Probability Distributions

* Probability distribution for a discrete random variable:

Frequency

P(A) = lim

Fl—= 00 H

Relative frequency distribution constructed for the entire population of
measurements

Represents possible values of x and the probability associated with each value
of x.

Possible values of x are mutually exclusive events.

= 1p(xl) =1
Example —The probability distribution of number of cups of coffee taken a day

x | 0 1 . 3 4 ;
plx} | 28 37 A7 12 [




Discrete Random Variables and Probability Distributions

* Probability distribution for a discrete random variable:

* Mean (aka the expected value): p = X7t x;p(x;)

» Standard variation: 0 = /X1, (; — p)?p(x;)

* Example:
X | O 1 / 3 4 5

plx) | 28 37 17 12 05 0

What is the probability of a random coffee drinker taking no coffee a day?

What is the probability of a random coffee drinker taking more than 2 coffees a day?
What is the number of coffees a random coffee drinker expected to drink a day?
What is the probability of the number of coffees a day fall in between u + 267



The Binomial Probability Distribution

* Binomial random variable — has only two possible values

* Binomial experiment
e Contains n identical trials.
Each trial results in one of two outcomes, e.g. Success or Failure.
The probability p of an outcome, e.g. Success, remains the same for all trials.
Trials are independent.
We are interested in x, the number of Successes observed in n trials.

* Example of a binomial experiment:
e Tossing a coin 1000 times and observing the number of heads
e Test of a new drug and counting the number of successful cases
* Purchase lottery tickets many (many) times and count the number of wins.



The Binomial Probability Distribution

* The probability of x = k successes (p is the probability of success) in n trials is

| _
P(x =k) = Cl'p*(1 —p)" k= ﬁpk(l —p)k fork=0,1, .., n

wheren! =nn—1)(n—2)..(2)(1)and 0! =1

e Distribution of random variable x (the number of successes in n trials) has
* Mean = np

» Standard deviation 0 = \/np(1 — p)



The Binomial Probability Distribution

e Examples of binomial probability distribution
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n=10,p=.1 n=10,p=.5 n=10,p=.9
meanp=np =1 meanyu=np =5 meanpu=np =9
std 0 = .95 std o = 1.58 std 0 = .95

* Notice the shape of the distribution and expected value (mean) in each case.



The Binomial Probability Distribution - Examples

Example 1: What is the probability of tossing a coin 10 times
and seeing 6 heads?

n=10,p=0.5k=6=>P(6) =

5 0-58(0.5)*= 0.205

Example 2: 80% of pet insurance owners are women. If we
randomly pick 9 pet insurance owners, what is the probability
of have 5 females?

Source: https://www.statisticshowto.datasciencecentral.com/probability-and-statistics/binomial-theorem/binomial-distribution-formula/



https://www.statisticshowto.datasciencecentral.com/probability-and-statistics/binomial-theorem/binomial-distribution-formula/

The Binomial Probability Distribution

Table of Cumulative Binomial

Probabilities provides value of
P(x < k)

pix)

n=2

P
Kk .01 05 10 20 .30 A0 50 .60 A0 B0 .80 a5 .99 k
0 880 802 814 640 4480 360 250 60 090 .04q 010 002 000 0
1 1.000 5498 890 960 810 -840 750 B40 510 360 80 098 020 1
2 1.000 1.000 1.000 000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 2
n=3

P
Kk .01 05 10 20 .30 A0 50 .60 A0 B0 .80 a5 .99 k
0 870 857 729 512 343 216 125 0ed 027 008 001 000 000 0
1 1.000 8493 872 896 784 B48 500 352 216 04 028 a7 000 1
2 1.000 1.000 599 99z 873 936 875 784 B57 (AER 271 143 030 2
3 1.000 1.000 1.000 000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 3
n=4

P
K .01 .05 10 20 30 A0 50 ] A0 B0 .80 45 .99 k
0 861 815 B56 410 240 130 062 D26 008 002 2000 000 000 0
1 899 836 848 819 852 A75 312 179 0B84 027 004 000 000 1
2 1.000 1.000 996 a73 816 821 6E8 525 348 J181 052 014 001 2
3 1.000 1.000 1.000 908 8492 874 938 870 60 J590 344 185 039 3
4 1.000 1.000 1.000 000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.00010 1.000 4




The Binomial Probability Distribution - Examples

pix)

n=25
. 0

Example 3: 60% of sport car buyers P
are men. If we randomly pick 250f * o o 0 22 0 4 0 & 0 & 0 95 e k
1 0 J78 277 072 004 000 000 000 000 000 000 000 000 000 0
Sport car buyersl What IS the 1 974 a4z 271 027 002 000 000 000 000 000 000 000 000 1
H . 2 998 873 537 098 .009 000 000 000 000 000 000 000 000 2
prObabIIIty Of haVIng 10 men? 3 1.000 966 J64 234 033 002 000 000 000 000 000 000 000 3
4 1.000 993 802 A2 .090 009 000 000 000 000 000 000 000 4
H H 5 1.000 999 967 817 193 029 002 000 000 000 000 000 000 5
SOIUtlon hlnts B 1.000  1.000 991 180 340 074 007 000 000 000 000 000 000 B
7 1.000  1.000 9938 891 512 154 022 001 000 000 000 000 000 7
1 1 1 8 1.000 1000 1.000 953 &77 274 054 004 000 000 000 000 000 8
ConSUIt the CumUIatlve blnomlal 9 1.000 1000 1.000 983 A1 A25 115 R E 000 000 000 000 000 9
H —_ —_ 10 1.000 1000 1.000 994 902 586 212 034 002 000 000 000 Qoo 10
prObabIIIty table for n= 25) p - 0'6 11 1.000 1000 1.000 998 956 732 345 ava 006 000 000 000 Qo0 N
12 1.000 1000 1000 1.000 983 845 500 154 m7 000 000 000 Qoo 12
13 1.000 1000 1000 1.000 994 922 B55 268 044 002 000 000 Qo0 13
14 1.000 1000 1000 1.000 998 966 788 414 098 006 000 000 Qoo 14
15 1.000 1000 1000 1.000 1.000 987 885 575 189 017 000 000 Qoo 15
16 1.000 1000 1000 1.000 1.000 996 944 J26 323 047 000 000 Q00 18
17 1.000  1.000 1.000 1.000 1.000 .999 G978 846 A88 09 002 000 oo 7
18 1.000  1.000 1.000 1.000 1.000 1.000 893 926 659 220 003 000 000 18
19 1.000 1000 11000 1000 1.000 1.000 998 971 807 383 033 0M Qoo 19
20 1.000 1000 1000 1000 1.000 1000 1.000 991 910 579 .098 007 Qoo 20
21 1.000 1000 1000 1000 1.000 1000 1.000 993 967 766 236 034 Qoo
22 1.000 1000 1000 1000 1.000 7.000 1.000 1.000 991 902 A3 27 Qo2 22
23 1.000 1000 1000 1000 1.000 7.000 1.000 1.000 998 973 729 358 026 23
24 1.000 1000 1000 1000 1000 1.000 1.000 1.000 1.000 996 928 J23 222 24
| 25 1.000 1000 1000 1000 71000 7.000 1.000 1000 1.000 1.000 1000 1000 1000 25

T

Source: https://www.statisticshowto.datasciencecentral.com/proba biIitv—and—statistics/binomiaI—theorem/binomiaI—distriﬂ&tion—formula/



https://www.statisticshowto.datasciencecentral.com/probability-and-statistics/binomial-theorem/binomial-distribution-formula/

The Poisson Probability Distribution

* Poisson’s probability distribution

* a good model for representing the number of events over a unit of time or
space.

* The ?vents must occur randomly and independently (i.e. not at the same
time

* The average time (distance) between events is known but their exact
timing (location) is unknown.

* Examples:
* The number of machine breakdowns during a given day

* The ncljjmber of traffic accidents at a given intersection during a given time
perio

* The number passengers arriving at a bus stop in a given time window.



The Poisson Probability Distribution

* The probability of k occurrences for the average number of occurrences u

ko—u
P(x=k)=“:! fork=1,2,3, ..

* Mean u
* Standard deviation 0 = /i
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* Note: the mode = expected value (mean) and that p(x= u) = p(x= u-1)
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The Poisson Probability Distribution

Example 1. The s
average number of Kk 2.0 25 3.0 15 4.0 45 5.0 5.5 6.0 6.5 7.0
traffic accidents on 0 135 08z 055 033 018 011 007 004 003 002 001
certain section of 1 A06 287 199 136 092 061 040 027 017 011 007
, , 7 677 544 423 321 238 174 125 038 062 043 030
highway is 2 per week. 3 857 758 647 537 433 347 265 202 151 112 082
. 4 047 201 815 775 520 532 A40) 358 285 224 173
What is: g 983 958 916 a5g 785 703 616 529 A4 369 301
. ; 005 986 066 435 280 B31 762 636 06 563 A50
(a) the probability of 7 099 006 088 973 049 013 867 800 744 573 500
: g 1.000 009 006 9490 a79 060 932 804 247 792 720
having at most 3 g 1.000 999 997 0932 983 058 046 916 877 820
accidents and 0 1,000 999 997 093 986 975 57 633 901
1 1.000 900 098 a5 080 g0 066 047
- 12 1.000 099 008 006 0901 034 973
(b) the probability of 13 1.000 099 908 996 093 987
havine exactlv 3 14 1,000 099 999 997 994
, 8 y 15 1,000 999 099 .08
accidents a week? 15 1.000 1,000 090
17 1.000

Solution hints. Assuming the number of weekly accidents follows a Poisson distribution. Consult the
cumulative Poisson probability table with u=2.

14



The Poisson Probability Distribution

* Poisson distribution can be a good approximation of a binomial distribution that
has small u=np and preferably large n.
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The Poisson Probability Distribution
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The Poisson Probability Distribution

Example 2. Assume the probability of a defective engine is p=0.001.
Given a batch of 1000 engines, what is the probability of having 4
defective engines?

Solutions. This is a binomial experiment with n = 1000, p = 0.001,
probability of having 4

Pk = 4) = —

41(996)!
Alternatively because mean of this binomial distribution is small u =
np = 1, we can approximate it with a Poisson distribution with u = 1.
1%e~1

P(x=4) = TR 0.01533

(0.001)*(1 — 0.001)9%¢= 0.01529




Probability Distributions for Continuous Random Variables

A continuous variable can take unlimited number of values in a given
range. : - .

Eelatve frequency
Relative frequency
I

|
Relatve fraquency

K elative freg
T T T
i

{d)

. . . . . . 18
Relative frequency histograms for increasingly large number of samples of a continuous random variable



Probability Distributions for Continuous ~
Random Variables

* Characteristics of a probability distribution f(x)
* The area under the distribution equals to 1

* P(a < x < b) equals to the area between aand b
 P(x = a) = 0 because there is no area above x = a
e P(x=2a)=P(x>a)andP(x<a)=P(x<a)

Jfix)

* Examples of continuous random variables

* Rounding error x to nearest integer of values between
-0.5 and 0.5 has a uniform distribution (because they
all become 0), f(x)=1

* The wait time x at a supermarket checkout may follow &

an exponential distribution, f(x) = .2e%*

0.05




The Normal Probability Distribution

* Many continuous random variables in nature (weight, height, time) can be well
described by normal probability distribution (thus the name normal)

flx) =

* The distribution is symmetric about the mean u, which is also the mode and
median.

e~ (x—1)?/(20%) for —00 < x <

aZn

* The shape of the curve is determined by the population standard deviation o.

e e T M s I s

10
* The Empirical Rule! - ]
B (=0, 02=02, -
_ : U=0, 02=10, m—
fix) 08| [t=0, 02=50, ]
= [U==2, G2=0.5, ==

~ 086

-
S’ — —
T %
- rd Y S04
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mean equals .5 mean -.-.]u¢]<- 5 N i
.--. m'\'\.

/ \ 02
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r S L
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Source: https://en.wikipedia.org/wiki/Normal distribution



https://en.wikipedia.org/wiki/Normal_distribution

Tabulated Areas of the Normal Probability Distribution

 Standardized normal random variable z is defined as z = =~

o)
essentially the number of ¢ the variable x lies to the left or right of w.

4

* The probability distribution of z is called the standardized normal distribution
because the mean is 0 and standard deviation is 1.

* Value of P(z<zy) is the shaded area and is tabulated, an extract of which is given

below. - 00 01 02 03 04 L 09
fiz) 00 5000 5040 5080 5120 5160
01 5398 5438 5478 5517 5557
07 5793 5832 5871 5910 5048
03 6179 G217 6255 6293 6330
AT\ D4 6554 G591 G628 G664 G700 ---  GB7Y
05 6915
06 7757
y \ 07 7580
' AN 08 7881
09 8150
O R z | | Example: P(z<0.41) =7

20 9772



Example. Let x be a normal distributed variable with u =
10 and o0 = 2. Find the probability of x lies between 9.4
and 10.6.

Solution hints

Calculate the standardized normal random variable z;
corresponding to x; = 9.4

Calculate the standardized normal random variable z,
corresponding to x, = 10.6
P(x; <x<xy)=P(zy <z< 2zy)

z 00 0 z 00 01
—3.4 0003 0003 0.0 S000 5040
—33 0005 0005 0.1 5308 5438
—3.2 0007 Q007 0.2 5793 5832
—3.1 0010 0009 0.3 6179 8217
—3.0 003 003 0.4 6554 6591
—-2.9 0ma 0018 0.5 B015 6950
—28 0028 0025 0.6 4257 729
—27 0035 0034 0.7 7580 J611
—2.6 0047 0045 0.8 JBB1 7910
—-2.5 0062 0060 0.9 2159 B186
—2.4 0082 0020 1.0 2413 8438
—23 o7 0104 1.1 2643 8665
—2.2 0139 0136 1.2 BE49 8860
—2.1 0174 174 13 8032 9049
—2.0 0228 02232 1.4 9192 8207
-1.9 0287 0281 1.5 9332 9345
—-1.8 0359 0351 1.6 94572 8463
-1.7 0445 0436 1.7 9554 0564
-16 0548 0537 1.8 G641 9649
—1.5 0668 0655 1.9 8713 8719
-1.4 0808 0793 2.0 977 o778
-1.3 {0968 0951 2.1 9821 D826
—-1.2 151 1131 22 9861 0864
—-1.1 357 1335 23 9893 9896
—1.0 J5EY 1562 24 G918 8920
—0.9 1841 1814 2.5 G038 9940
—0.8 2118 2090 2.6 8053 9955
—0.7 2420 2389 g 90965 0966
—0.6 2743 2709 28 9974 9475
—0.5 3085 3050 249 9981 0ag2
—0.4 3445 3409 3.0 9987 9987
—0.3 3821 3783 3.1 89490 94991
—0.2 A207 A168 3.2 9003 94993
—0.1 AeD2 ALeZ 3.3 9095 9995
—0.0 5000 A960 34 9997 9997




The Normal Approximation to the Binomial Distribution

* Probability of a binomial variable x can be calculated via
* the binomial formula or corresponding binomial tables, or
* the Poisson probabilities fornp < 7.

* When u = np of a binomial distribution is large, the normal probability with u =
np and standard deviation 6 = \/np(l — p) can be used as an approximation.

* For this approximation to hold, n must be large, and p is not too close to O or 1.

lf?l_l;’l .
) binomial distribution with n=25 and binomial distribution with n=25 and
o p=.5, superimposed by a normal | 71 p=.1, superimposed by a normal
distribution with ©=12.5 and 0=2.5 -—F | distribution with u=2.5 and 06=1.5
AN [
1" A1 N AIRAAS

1
1
1
'.. III
r . ] \
r hY ."I \
F. \\ i !
| ."lf -
I | | (=T e et = I S I I A O | I I I I |
0 5 I 25 x 5 x

1= [
4 T 15 2 0 5 10 15 20
1 1

10.5



The Normal Approximation to the Binomial Distribution

Rule of thumb. A normal distribution approximates well a binomial distribution if
both np>5 AND n(1-p)>5 (because the binomial distribution is fairly symmetric)

Example. A random sample of 1000 fuses were tested. Assuming defect probability
is 0.02. What is the probability of having more than 27 fuses defected.

Solution. This is a binomial experiment with u = np = 20 and 0 = \/np(1 — p) =
4.43.

However because both np and n(1 — p) is larger than 5, we can approximate it by
a normal distribution with u =20 and 6 = 4.43.

Because of continuity correction, the normal area corresponding to P(x = 27) is
the area to the right of x=26.5.

Standardised value of x=26.5 is z, = 261'}5;320 = 1.47

Therefore P(x = 27) = P(z > 1.47) =1 —.9292 = .0708




Continuity Correction

* For example, suppose we
would like to find the
probabilit?/ that a coin lands
on heads less than or equal to
45 times during 100 flips.

e That is, we want to find P(X <
45).

* To use the normal distribution
to apBroximate the binomial
distribution, we would instead
find P(X < 45.5).

Using Binomial

Distribution
X=45
X<45
X <45
X245

X > 45

Using Normal
Distribution with
Continuity Correction

44.5 < X< 45,5
X<45.5
X<44.5
X>44.5

X>45.5



Z .00 .01 .02 .03 .04 .05 .06 07 .08 .09 Z .00 .01 .02 .03 .04 .05 .06 .07 .08 .09
-3.4 .0003 .0003 .0003 .0003 .0003 .0003 .0003 .0003 .0003 .0002 0.0 .5000 .5040 .5080 .5120 .5160 5199 5239 5279 .5319  .5359
-3.3 .0005 .0005 .0005 .0004 .0004 .0004 .0004 .0004 .0004 .0003 0.1 .5398 5438 5478 5517 5557 5596 5636 .5675 .5714 5753
-3.2 .0007 .0007 .0006 .0006 .0006 .0006 .0006 .0005 .0005 .0005 0.2 .5793 .5832 .5871  .5910 .5948 .5987 .6026 .6064 .6103  .6141
-3.1 .0010 .0009 .0009 .0009 .0008 .0008 .0008 .0008  .0007 .0007 0.3 .6179 6217  .6255 .6293 6331 .6368 6406 .6443  .6480 6517
-3.0 .0013 .0013 .0013 .0012 .0012 .0011 .0011 .0011 .0010  .0010 0.4  .6554 6591 .6628 .6664 .6700 6736 .6772 .6808 .6844  .6879
-29 0019 .0018 .0018 .0017 .0016 .0016 .0015 .0015 .0014 .0014 0.5 .6915 .6950  .6985 7019 7054 7088 7123 .7157 7190 7224
-2.8 .0026 .0025 .0024 .0023 .0023 .0022 .0021 .0021 .0020  .0019 0.6  .7257 7291 .7324 7357 7389 7422 7454 7486 7517  .7549
-2.7 .0035 .0034 .0033 .0032 .0031 .0030 .0029 .0028 .0027 .0026 0.7 .7580 .7611 7642 7673 7704 7734 7764 7794 7823 7852
-2.6 .0047 .0045 .0044 .0043 0041 .0040 .0039 .0038 .0037 0036 0.8 .7881 /7910 7939 7967 7995 8023 .8051 .80/8 .8106 .8133
-2.5 .0062 .0060 .0059 0057 .0055 .0054 .0052 .0051 .0049 .0048 0.9 .B159 .B8186 .8212 .8238 .B264 .8289 .8315 .8340 .8365  .8389
-2.4 0082 .0080 .0078 .0075 0073 .0071 .0069 .0068  .0066 0064 1.0 .B413 8438 8461 .8485 .8508 8531 .8554  .85/77 .8599 8621
-23 .0107 .0104 .0102 0099 .0096 .0094 .0091 .0089 .0087 .0084 1.1  .8643 .8665 .8686 .8708 .8729 8749 8770 .8790 .8810  .8830
-2.2 0139 0136 .0132 0129  .0125 .0122 0119 .0116 .0113 0110 1.2 .8849 .B869 .8888 .8907 8925 8944 8962  .8980  .8997 9015
-21 0179 .0174 .0170 0166  .0162 .0158 .0154 .0150 .0146 .0143 1.3 9032 .9049 9066 .9082 .9099 9115 9131 9147 .9162  .9177
=20 .0228 .0222 .0217 0212 .0207 .0202 .0197 .0192 0188 .0183 14 9192 9207 .9222 9236 .9251 9265 .9279 .9292 .9306  .9319
-19 .0287 .0281 .0274 0268 .0262 .0256 .0250 .0244 .0239 0233 15 .0332 9345 .9357 9370 9382 9394 9406 .9418 .9429 9441
-1.8 .0359 .0351 .0344 0336 .0329 .0322 .0314 .0307 .0301 .0294 16 .9452 9463 9474 9484 9495 9505 9515 .9525 .9535  .9545
-1.7 .0446 .0436 .0427 0418 .0409 .0401 .0392 .0384 .0375 .0367 1.7 9554 9564 9573 9582 9591 9599 9608 .9616 .9625  .9633
-1.6  .0548 .0537 .0526 0516  .0505 .0495 .0485 .04/5 .0465 .0455 18 9641 9649 9656 .9664 9671 9678 9686 .9693  .9699  .9706
-1.5 .0668  .0655 .0643 .0630 .0618 .0606 .0594 .0582 .0571 0559 19 9713 8719 9726 9732 9738 9744 9750 9756 .9761 9767
-1.4 .0808 .0793 .0778 0764 0749 0735 .0721 .0708 .0694 .0681 20 9772 9778 .9783 9788 9793 9798 .9803 .9808 .9812  .9817
-1.3 .0968 .0951 .0934 0918  .0901 .0885 .0869 .0853 .0838 .0823 2.1 9821 9826  .9830 9834 9838 9842 9846 .9850 .9854 .9857
-1.2 .1151 131 1112 1093 A075 1056 1038 1020 .1003 0985 2.2 0861 0864 0868 9871 9875 9878 9881 .9884  .9887 9890
-1.1 .1357 1335 .1314 1292 1271 JA251 0 12300 1210 1190 1170 23 0893 0896  .0898 9901 Q904 9906 9909 9911 9913 9916
1.0 .1587 .1562 .1539  .1515 .1492 .1469 .1446 .1423 .1401 .1379 24 091z .9920 .9922 9925 9927 9929 9931 .9932 .9934  .9936
-09 .1841 .1814 .1788 A762 1736 1711 1685  .1660  .1635 1611 25 0938 .9940 .9941 9943 9945 9946 9948 .9949 9951 0952
-0.8 .2119 .2090 .2061 2033 .2005 .1977 .1949 1922 .189%4 1867 2.6 9953 9955 9956 9957 9950 9960 9961 .9962 .9963 9964
0.7 .2420 .2389 .2358 2327 2296 2266 2236 2206 2177 .2148 27 9965 9966 .9967 9968 .9969 9970 9971 .9972 .0973 0974
0.6 .2743 .2709 .2676 2643 2611 2578  .2546  .2514 2483 2451 2.8 0974 9975  .9976 0977 9977 9978 9979 9979  .9980 0081
-0.5 .3085 .3050 .3015 2981 20946 .2912 2877 .2843 2810 .2776 9 9981 9982 9982 9983 9984 .9984 .9985 .9985 .0986  .9986
04 3446 3409 3372 3336 3300 3264 3228 3192 3156 3121 30 9987 9987 .9987 .9988 .9988 .9989 .9989 .9989  .9990  .9990
-0.3 .3821 .3783 3745 3707 .3669 3632 3594 3557 3520 3483 31 09990 9991 9991 9991 .9992 9992 9992 0902 .9993  .9993
-0.2 4207 4168 .4129 4090 4052 4013 3974 3936 .3897 3859 32 0993 9993 9994 9994 9994 9994 9994 9995 9995  .9995
-0.1 .4602  .4562 .4522 4483 4443 4404 4364 4325 4286 4297 33 9995 9995 .9995 9996 .9996 .9996 .9996 .9996 .9996  .9997
-0.0 .5000 4960 4920 4880 4840 4801 4761 4721 4681 4641 34 9997 9997 9997 9997 .9997 .9997 9997 .9997 .9997  .9998




