Ly Thuyét Xac Suat (2):
Phan Phoi Xac Suat




Khai quat

- Bién ngau nhién.

- Phan phdi x4c suat ctia bién ngau nhién.
* Phan phdi binomial.

* Cac dac trung ctia phan phoi xac suat.

* Phan phoi chuan.

* Mot sO phan phoi thuwong gap.




Bién Ngau Nhién — Phin
Phoi Xac Suét Bién Ngau
Nhien




Bién Ngau Nhién

» Bién ngau nhién (random variable): bién ngau nhién X: S - R 1a
moOt ham s6 gan gia tri cho cac quan sat caa phép thir ngau nhién.

* S 1a tap hop khong gian mau (sample space). Tap hop S ctia bién
ngau nhién co httu han hoac vo han, roi rac hoac lién tuc.

* Tén goi ‘bién ngau nhién’ dé gay nham lan, do mét bién ngau nhién
khong phai la mot bién (a variable) hay ¢6 tinh ngau nhién (random).
N6 ma 1a mot ham s6 anh xa cac bién c6 tdi cac so.

* Chung ta c6 thé ki hiéu: bién ngﬁu nhién X,Y, Z hay X4, X,, ...




Bién Ngau Nhién - ViDu 1

» Khi tung mét dong xu. Hai kha nang sap ngtra xay ra (S va N). Bién
ngau nhién X:
X)) =0
X(N) =1
» Rt nuede vao 1 can ¢ dung tich 2 1it. X 13 bién ngau nhién:
X = lwong nwdc do vao
0<X<2

* Lien tuc hay roi rac? Httu han hay v0 han?




Bién Ngau Nhién — Vi Du 2

» Mot ngudi ban vao bia cho dén khi nao tring thi ding (trung ki
hiéu T, khong trang ki hiéu 1a T).
« Khong gian mau S = {T,TT,TTT,TTTT ...}
e Bién ng?iu nhién: X ={1,2,3,...,n,...}
* Quan sat thoi gian gitra 2 cudc goi dén van phong Shopee:
X = thoi gian € [0, +0)

* Lién tuc hay roi rac? Httu han hay vo han?




Phan Phoi Xac Suat (1)

- Ddi véi bién ngau nhién X, phan phoi xac suat ctia X hiéu nhu 1a tap hop
tat ca cac gia tri xac sudt dudi dang P(X(s) € €) cho cac bién c6 C thudc
tap khong gian mau S.

» X4c suat nay c6 thé bién dién bang ham s&:

f(x) =P(s: X(s) € C)

* Vi tat ca cac bién ¢6 ¢6 thé xay ra (f(x;) > 0), tOng xac suat cac bién co do

phai bang 1.

D=1, | fGddr=1




Phan Phoi Xac Suat (2)

* V6i vi du tung dong xu mot lan:

Sap Ngtra
X 0 1
P(X = x) = f(x) 0.5 0.5

* Tung dong xu hai lan lién tiép:

S5 | SN | NS | NN
Y 1 2 3 4
P(Y=y)=f(y) |025]| 0.25 | 0.25 | 0.25




Phan Phoi Nhi Thitc (Phan Phoi
Binomial) (1)

* Phép thtr binomial:
« Dan t6i hai két qua, c6 thé tam goi thanh cong va khong thanh.
 Bao gom n lan giong hét nhau.

* Xac xuat cta tirng két qua c6 dinh lap va 1l —p.

Cac phep thtr doc lap vdi nhau.

Chung ta mudn tinh s6 lwong xay ra cua moét két qua (thanh céng) trén n Ian.

* Vidu:

« San xuat dién thoai moi day chuyén 25000 san pham va tinh s& liong khong dat
chat lugng.

 Tung dong xu 1000 lan va tinh ty 1€ sap hoac ngtra.




Phan Phoi Nhi Thitc (Phan Phoi
Binomial) (2)

* Gia xt ching ta chon n = 6, cac két qua co thé xay ra la:
010001,1001110,101010,0110110, 000000 ...
- X 1a bién ngau nhién cho s6 leong thanh cong & vi du trén:
X = 2 cho thi nghiém dau tién

X = 0 cho thi nghiém cu6i cung

- Khong gian mau gom bao nhiéu quan sat véi bao nhiéu gid tri
X?




Phan Phoi Nhi Thitc (Phan Phoi
Binomial) (3)

 Cong thirc tong quat cho phan phoi xac suat binomial B(n, p), vdi n lan
xay ra, xac suat thanh cong la p, thi ty 1€ xay ra x lan:

f(x)=PX=x) = (Z) p*(1—p)*

vOi (Z) - k!(;ik)!

* Chay: f(x) = 0khix <0hoacx > n.




Bieu

Binominal Distribution (n=6, p=0.3)
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Phan Phéi Lién Tuc (1)

- Phan phdi lién tuc 1a mot phan ma bién ngau nhién cé gia
tri lién tuc, vi du: X € (—oo, +0)

e Gia tri xac suat duoc dinh trén mot doan bﬁ'mg mot ham Ao
probability density function (pdf) - f(x) = 0 — nhu sau:

Pa<X<b)= f F(0)dx
P(X > a) = j F(x)dx
j Fl)dx = 1

P(a) = j Fx)dx =0

Pla<x<h)

i




Phan Phoi Lién Tuc (2)

1.00 =

Jix)

« Lam tron mot con s60 dén gia tri trong

0.75

khoang ttr —0.5 dén 0.5 c6 phén phéi déu

lien tuc (continuous uniform distribution) 050

—0.5

vl tat ca déu duwoc lam cé két qua la khong, : .

f(x)=1. 0
 Thoi gian cho doi ¢ siéu thi ¢ phan phoi

theo ham f(x) =0.2e™%* la moOt phan

phﬁ’i mi (exponential distribution). g 0.10-

0.5

0.15 5

(0.05

0.00 ,




Cac Dac Trung Cua Phan
Phoi Xac Suat




Gia Tri Ki Vong (1)

* Gia tri ki vong (expectation) — ki hiéu: E(X) hay p — phan anh gia tri trung tam ctua mot
phan phoi.

* Ddi véi phan phoi roi rac:

n
E(X) =z xipi =x1P1 +x2P2 -I-"'-I-ann
i=1

= ) xf @)

* Ddi véi phan phoi lién tuc:

400

E(X) =j xf(x)dx




Gia Tri Ki Vong (2)

* P06 xi ngau 12 mat, gia tri ki vong;:

1 1 1
E(X)=1#%—4 24—+ 412 %— = 6.
(X)=1xpm+2xmt+12x5=065

» Gia tri ki vong ctia phan phoi binomial:
E(X) =np




Phuwong Sai, Do Léch Chuan

- Phuong sai (variance) ctia bién ngau nhién X dwoc tinh:
Var(X) = E [(X — E(X))"| = E(X?) — [EQO))?
trong do:
E(X?) =YY", xP(x;) néu X roirac
E(X?) = fjozo x?f(x)dx néu X lién tuc

* D6 1éch chuin (standard deviation) la cin bac hai ciia phuong sai:

o= \/Var(X)




Vi Du:

* D6 xi ngau 6 mat, phwong sai dwoc tinh (vdéi E(X) = 3.5):

1 1 1

1 1 1

= 2.917

* Do léch chuan:

o = /Var(X) = 1.708




Y Nghia Caa Phuong Sai

* Ta c6 X — E(X) do lwong d0 léch gitra gia tri caa X va gia tri
trung binh cua no. Phwong sai Var(X) do luvong sy phan tan
khoi gia tri trung binh cua X.

* Néu cung mot gia tri ki vong E(X), phuwong sai 16n thi d6 phan
tan I1én va do tap trung nho; va nguoc lai néu phuong sai nho.

* Phuong sai ¢é thé dung dé tinh toan dd rai ro ctia sdn pham tai

chinh hay quyét dinh.




Dinh Ly Chebyshev

* Mot phan phoi bat ki X ¢6 ki vong p va d6
l1éch chuan g, d6i v6i bat ki s6 k dwong nao,
chuing ta co:

1
P(lx—u|l<ko)=1-—

1c2
* X4c suat ctia t&i da nam ngoai k d6 léch i |
chuan (phan xam) ctia y — ko: p— . e *
e k=1.5: 44%
e k=2: 25%

« k=3 11.11%




Tinh Chat Cua E(X)

*E(c) =¢, cla hﬁng sO.

* E(aX) = aE(X)
*E(X+Y)=EX)+EY)

- Néu X, Y doc lap thi E(XY) = E(X)E(Y)




Tinh Chat Cuaa Var(X)

* Var(c) =0, cla hﬁng sO.
e Var(cX) = c?Var(X)
* Var(X + ¢) = Var(X)

* Néu X,Y doc lap Var(X + Y) = Var(X) + Var(Y)




Cac Dac Trung Pho Bién Khac (1)

* Trung vi (median): gia tri ciia X phan chia phan phdi thanh hai
phan bang nhau.

* S0 yéu vi (Mod(X)): la gia tri x; ctia X ma f(x;) co gid tri 16n

nhat. Lvu y Mod(X) c6 thé nhan nhiéu gia tri mét lac.




Vidu:

* Tinh gia tri trung binh, phwong sai, d0 1éch chuan, median va

mode ctia bién ngau nhién X roi rac ¢6 phan phoi nhu sau:

P(X) 0.3 0.1 0.1 0.3 0.2




Cac Dac Trung Pho Bién Khac (2)

* D0 xién (skewness) do d0 doi xiing
cua X:
X —U 3
Skew(X) = E
0] > >
A ° 7 A A N i k Positi k
° DQ nhon (kurtOSIS) do muc dQ tap egatlves ew ositive skew
trung xung cua cac quan sat trung tam . e .
SO Véi hai duéi: Mode—\ :-Mean M?de Mean-: — Mode
i i i
X —u 4 | E |
Kurt(X) = E | | i
o i E i
Positive Symmetrical Negative
Skew Distribution Skew

Source: https://en.wikipedia.org/wiki/Skewness



https://en.wikipedia.org/wiki/Skewness

Cac Dac Trung Pho Bién Khac (3)

» Diém t& phén vi (quartile): chia dir liéu thanh bon phéan ¢4 ty suat
phan bd bang nhau:
* Gia tri t& phan vi th nhat Q1 (first quartile): 25% phan phoi nhé hon Q1.
« Gid tri tt phan vi thiz nhi Q2 (second quartile): diing bang trung vi (median),
50% phan phdi nam hai bén Q2.
« Gia tri t& phan vi th ba Q3 (third quartile): 75% phan phdi nho hon Q3.

» Khoang cach gitra Q1 va Q3 goi la d0 trai gitra (interquartile range

IOR).




| |
Q1 Q3
Ql - 1.5 x IQR Q3+ 1.5 xIQR

| |

Median _
~40 —|3cr§ ~20 ~1lo 0o lo 20 30 40

_2.6980 —0.67450 0.67450 2.6980
24.65% 24.65%

—tllo —éo —[20 —fllo 0o llo 210 310 4|o




Phan Phoi Chuan
(Normal Distribution)




Phan Phoi Chuan (1)

* Phan phéan chuan X ~ N(u, 6%) bao gobm hai tham s& gid tri ki vong u va
phuong sai 0% (o > 0).
X ~N(y, 0-2)
E(X) =u, Var(X) = ¢?
* Phan phdi chuan ¢6 ham p.d.f. nhu sau:

1 —(x—p)*
202 Vx ER

flx) =

e )
oV 2T

* Phan phoi chuan rat thueong gap trong ty nhién va xa hdi (chiéu cao, can
nang nguroi, chi s 1Q, huyét ap...)




Phan Phoi Chuan (2)

1.0
B H=0, 0?=0.2, == i
' H=0, 0°=1.0,— 1 <
0-8] [=0, 02=50, — | ©
B p=-2, 0?=0.5, ——
/—\06- ] N?
\>-</ i ; o
)
S 0.4 o
- b (@) 34.1% 34.1%
0.2 —
i ] (@)
0o 13.6% 13.6%)| N
' | l | | | L ! | | ! © ,
5 -4 -3 -2 -1 0 1 2 3 4 5 (@)
X M—30 HM—20 HM—O M M+0 M+20 U+30

Source: https://en.wikipedia.org/wiki/Normal distribution



https://en.wikipedia.org/wiki/Normal_distribution

Phan Phéi Chuan Tic (Standard Normal
Distribution)

*Khiu=0vao =1,thi Z~ N(0,1). Tandi Z c6 phan phoi chudn
tic (standard normal distribution).

* Khi X ~ N(u, 62), ta c6 thé bién doi Z = % thi Z s€ co6 phan phoi

chuan tac Z ~ N(0, 1) — 4p dung tinh chat ctia E(X) va Var(X) &

tren.

* Phan phoi chuan tac c6 skewness = 0, va kurtosis = 3.




* Sales Page Load Time: X ~ N(7,22)

Support Page Load Time

* Support Page Load Time: Y ~ N (4, 1%)

Sales Page Load Time

* Phén phoi chuan tac: Z ~ N(0,1)

MyTVLab
Sales Page LoadTime

| |
H+1o p+20 M+ 30
9 11 13 XScaleu=7,0 =2)
+1 +2 +3  ZScale (u=0,0 =1)




Cach Tinh Gia Tri Phan Phoi Chuan (1)

» Bang gia tri cung cap cho chung ta
tai ting gia tri xac dinh z,:
P(ZO < Z)

fiz)

* St dung ham Excel NORM.DIST () \

* Ham P(zy, < Z) goi la ham phan
phdi tich liy. Tong quat:

F(x) =P(X < x) = 0




Cach Tinh Gia Tri Phan Phoi Chuan (2)

* Ta ¢6 X la mot phan phdi chuan véi gia tri p = 10 va 0 = 2. Hay
tinh
 X&c sudt X nam gitta 9,4 va 10,6.

e Xacsuat X > 12.

e Xacsuat X < 9.




Cach Tinh Gia Tri Phan Phoi Chuan (3)

* Tinh gia tri Z.

e X4c suit X nam gitta 9,4 va 10,6.

, _9A=10_

1 = 5 =
10,6 — 10

= > =0,3

—0,3

Zy,

* Tra bang;:
P(94<X<10,6)=0,618-0,382=0,236



Xap Xi Cua Phian Phoi Binomial

* Cho mot ham phéan phoi binomial véi
Binominal Distribution (n=100, p=0.5)

tham 86’ n Vé p. 2% approximates a normal distribution N(50,25)
0 /r'~\
o > 7/ ° ? 14 \ N N e \ |/ \u
* Khi gia tri np du 16n thi phan phoi nay e« / \
xap xi mot phan phoi chuan voi gia tri / \

ki vong u = np va phuong sai g% = » Mﬂﬂﬂﬂ( Tﬂﬂ%\
np(l T p) 0%

30 35 40 45 50 55 60 65 70

« Pé xap xi nay c6 thé dién ra thi n phai

16n va p phai khong qua gan 0 va 1.




Mot S6 Phan Phoi Thuong Gap (1)

* Phan phdi déu lién tuc (the continuous Fx)
uniform distribution) la mot phan pho1 ma
xac suat xay ra la bang nhau cho tat ca cac

két qua. 1
B [ 1 1
b—a
* Ham ph(an phoi xac suat ¢6 dang;:
1
) =1p_2 khia <x<b
.0 khix < ahoacx > b




Mot S6 Phan Phéi Thuong Gip (2)

» Phan phéi Poisson do luong s6 lwong hién twong dong 0.40 — . . . .

nh‘éjt, pgéu nA}}iér} va ddc lap xay ra trong mot khoang 0.35
thoi gian nhat dinh.
(.50
* Vidu: 0.5
— .20
* SO lwong tai nan giao thong trong 24 gio tai TP HCM. "’l‘f
* S0 luong khach di xe bus tai mot tram Bén Thanh trong 1 = .20
gid. & 0.15
* Phéan phdi Poisson X ¢6 ham phan phoi roi rac: 0.10
Ake—k (.05
f(k; 1) =P(X=k) = |
fe! U 5 10 15 20
véi k 12 s8 [an xay ra, A 1a mot s§ thuc bang véi gia tri ki k

Source: https://en.wikipedia.org/wiki/Poisson distribution

vong va phuong sai cia phan phdéi 4 = E(X) = Var(X).



https://en.wikipedia.org/wiki/Poisson_distribution

Vi du: Phan Phéi Poisson

* Trung binh c6 1 tran lut lon xay ¢ Trung binh 1 tran béng da World

ra trong vong 10 nam, xac suat Cup 6 2.5 ban thang, x4c suat
xay ra: xay ra:

0 0.368 0 0.082

1 0.368 1 0.205

2 0.184 2 0.257

3 0.061 3 0.213

4 0.015 4 0.133

5 0.003 5 0.067

6 0.0005 6 0.028




Mot S6 Phan Phoi Thwong Gap (3)

* Phan Phoi xX: néu chung ta ¢6 k phan  fi(« ), 2

phoi chuan tac Zy, Z, o, Zs, (N(O 1)) 05 k=1
ddc 1ap vdi nhay, thi tong ctia chiung: zig
0.4+ L4

Q= z 4 k=6

i 0.3 .

sé cO phan phoi: 0.2+
Q ~ x*(k)
voi k 1la mot s6 duwong, va dwoc goi la

bac tu do (degrees of freedom/d.o.f.) 0.0
ctia phan phoi.

1 )

O 1 2 3 4 5 6 7 8 <

Source: https://en.wikipedia.org/wiki/Chi-squared distribution



https://en.wikipedia.org/wiki/Chi-squared_distribution

Mot S6 Phan Phéi Thuong Gip (4)

* Phan phai F (the F distribution)
F(dl, dz) V(yi dl Vé dZ bﬁc tlf dO
la phan phoi c6 cong thiic:

_Qi/d4

F =
Q2/d;

v6i Q4, Q 12 cAc bién ngau ngau
nhién c6 phan phdi y*(d,) va
x°(d).

2.5

2

1.5

1 &

0.5

| | d1=|1, d2=1 -
d1=2, d2=1 =—
d1=5, d2=2 = T
d1=10, d2=1 -
d1=100, d2=100

§\~_

1 2 3 4 S)

Source: https://en.wikipedia.org/wiki/F-distribution



https://en.wikipedia.org/wiki/F-distribution

Mot S6 Phan Phéi Thuong Gap (5)

» Phian phéi loga chuin (the log-normal

distribution) 12 bién ngau nhién khi 14y =10
ham log caa chiung thi chung ta dwgc ham 15 ’/" \G= 025
phan phoi chuan.

X ~ LogNormal(u,, 02) é 1.0

< log(X) ~ N(H; 0-2)

* Vi du: s6 lwong chi* cia comment trén 0.5
mang xa hoi, ty suat lgi nhuan gia co
phiéu, thoi gian ciia mot tran co vua. 0.04[/ .

Source: https://en.wikipedia.org/wiki/Log-normal distribution



https://en.wikipedia.org/wiki/Log-normal_distribution
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